Stability problems in mathematical theory of viscoelasticity by Brilla, J.
EQUADIFF 4
Jozef Brilla
Stability problems in mathematical theory of viscoelasticity
In: Jiří Fábera (ed.): Equadiff IV, Czechoslovak Conference on Differential Equations and Their
Applications. Proceedings, Prague, August 22-26, 1977. Springer-Verlag, Berlin, 1979. Lecture




Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to
digitized documents strictly for personal use. Each copy of any part of this document must contain
these Terms of use.
This paper has been digitized, optimized for electronic delivery and stamped
with digital signature within the project DML-CZ: The Czech Digital Mathematics
Library http://project.dml.cz
STABILITY PROBLEMS IN MATHEMATICAL THEORY OF VISCOELASTICITY 
J.Brilla, Bratislava 
1. Introduction 
The analysis of non-linear stability problems in the mathematical 
theory of viscoelasticity has only recently begun to attract attention 
and it will take some time before our understanding of these problems 
reaches the maturity similar to that of analysis of elastic stability 
problems. 
We shall start from governing equations of large deflection theory 
of viscoelastic plates 
t1-1) -7- Kijki(D)w 'ijki - K(°) (<-+ h Eik *jiw ' i jF 'ki) -
eim cjn €kr €lsLmnrs(D)F'ijkl = " 1 €ik €jlL(D)w'ijw'kl ' 
where 
(1.2) Kijkl(D) - lo4]ll°
V ' 
(1.3) L(D) - t L DV , 
y=0 y 
are polynomials in D = -r-7-— , s = r or r = s + l 
and 
(1.4) K(D) [K^^tDjr 1 =L(D)" 1 L.jkl(D) . 
K. ., ,(D) , K(D) , L..,,(D) and L(D) are differential operators of 
linear viscoelasticity. w is the transverse displacement of the plate, 
F - the stress function, h - the thickness of the plate, q - transver-
se loading and c. . - the alternating tensor. 
We use the usual indicial notation. Latin subscripts have the 
range of integers 1,2 and summation over repeated Latin subscripts is 
implied. Subscripts preceded by a coma indicate differentiation with 
respect to the corresponding Cartesian coordinates. 
In the case of real materials it holds 
(1.5) *>-L (D) e- • Evi >- 0 ^ ; i-)kll ; 13 kl 
for arbitrary values of e.. and equality occurs iff e.. = 0 Lty o( 
for all i,j . Further, the coefficients K-^£- a r e symmetric 
(1.6) K!>) = K (? ) = K ! > ) = K ( ? ) . 
v ' 13k! 31k! i]lk kli] 
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and polynomials (l.2)-(l.3) have real negative roots. 
We assume that the domain of definition ft is bounded with 
Lipschitzian boundary 9ft .We shall consider the following boundary 
conditions 
(l.7) w = -jp-- = 0 on 9ft , 
Эn 
or 













n) and n is the outward normal to 9ft 
and 
3 
(1.9) - H - =





(1-1°) v S = ^ f ^ = ° °- 3« • 
9 n 
The initial condition may assume the form 
(1.11) - ^ = w
v
 (v = 0,1,2 r-l) 
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and 











where k is the order of the operator --•• •-,- (
D
) • 
Simultaneously we shall consider the integrodifferential equations 
(1.13) -g J G.




 j k l
 (-)d- = 
= q + h c.
k
 e





í e. e . e, en J f t -x) -4— F , . ., , íx ldr = 
A im in kr l s mnrs 1 ; 9T ' í n k l ^ J 
1 — - --- e .. e . ,wf . .wfl , 2 l k j l ' 1 3 ' k l 
with boundary conditions (l.7)- (l.lO) respectively, and the first 
initial conditions (l.ll) -(l.12) . These equations are the governing 
equations of the large deflection theory of viscoelastic plates of 
a material of Boltzmann type. J..,,(t-r) is given by the inversion 
of the constitutive equations corresponding to Gi-ik1(
t"T) • 
2. Linearized stability problems 
When dealing with stability problems of time dependent processes 
we have to consider perturbations from equilibrium state. When con-
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sidering perturbations that are extremely small (infinitesimal), we 
may feel justified in neglecting non-linear terms in (l.l) as compared 
to the linear ones. 
We assume that the plate is subject to a system of two-dimensional 
stresses Aha?. = -AN.., where A is a monotonically increasing 
o factor of proportionality and the distribution of N.. is prescribed. 
We put q -= 0 . In the resulting linearized stability theory we have 
h 3 o 
(2.1) -^r K. .. . (D)W, . .. _ + AN. .w, . . = 0 ^ ; 12 likl^ ; 'likl 13 'ij 
with boundary conditions (1.6) or (l.7) and initial conditions 
v 
(2.2) w = w 0 ,
 3 w = 0 (v = l,2,...,r-l) . 
8tJ 
Obviously the solution can be sought in the form 
(2.3) w(x,y,t) = ey u(x,y) . 
Then the function u(x,y) has to satisfy the partial differential 
equation 
(2.4) -£-- I K ( V 1 - yV u,. ., , + A Z K yV N? .u, . . = 0 . 1 ; 1 2
 v = 0
 1 D k l 'ijkl + v==0 v 13 '13 
Non-trivial solution for u exists only if the parameter y assumes 
special values y = y which are generalized eigenvalues of the 
linearized problem. 
We shall assume that r=s , then we can write 
2.5) Z P ^ - ^ K W u,..,, t»RN°.u,..]=0 ; __ H L 12 íjkl 'íjkl v xj 'i3J 
If $ are eigenfunctions of our problem, it holds 
^ j 0 <l-£
 Ki;il(*nfij ' • n . k l r - " V ^ n - i ' V j ^ " ° 
r r \ 
According to the assumptions the operator I y K U , (.),. .,-, 
,,=n i]K± IJ K I v=0 
is for positive values of y positive definite. When dealing with 
stability problems we choose N?. in such a way that 
r 
E yvK N?.($,. , $,.) is positive. Then for sufficiently small 
=n v X-J 1 1 v=0
it holds 
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[2'7) Jo ̂ [iJ^jil^'iJ '$'kl) - XKvNij(*'i >•>*)] - ^ I N T • 
The polynomial on the left hand side has for sufficiently small X 
positive coefficients and is a monotically increasing function for 
y > 0 . Roots of this polynomial are then negative or have negative 
real parts. For an operator corresponding to real materials it can be 
proved that its roots are negative. 
If the roots of (2.6) are simple and w 0 in initial conditions 
(2.2) is considered as an initial perturbation, the solution of (2.l) 
can be written in the form 
00 r 
(2.8) w(x,y,t) = ľ ľ A ,w Ф (x,y) v ; v }
 n
_i k_i nk on n^ *1} 
-y , t 
nk 
e 






































l)) • ' ' (
u
nk " ^nr) 
If all y , > 0 the solution is stable. If at least one y , < 0 
the solution is unstable. 
The left hand side of (2.6) is a continuous function of X and 
when X increases it reaches critical values for which the roots 
successively change their signs. 
In order to determine critical values of X we have to analyse 





) - 0 , 
v=0 
which can be rewritten as 






(x)) = 0 . 
As it holds 
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r 
(2.13) П y . (x) = A (x)
 L
 A (x) 
^
 J











 v J 
of the signs of roots y .(x), assuming that they are not multiple, 
occurs at such values of X , which satisfy equations 







 n,i3 ' n,kl
;
 o ij^ n,i n,3
; 
and 
(2.15) A (x) = -̂ - Ki
r





 12 i3kl^ n,i3 ' n,kl
;
 r 13^ n,i ' n,3
;
Applying Laplace transform to (2.l) and making use of Tauber's theorem 
on limit values of Laplace transform we find out that these values 
are eigenvalues of the equations 
(2.16) ^ K{°) _ w, . .,
 n
 (») + XN? .K
0
 w, ..(«)= 0 
^
 ;
 12 i3kl 'i3kl
v ;





) w, . ., , (0) + XN° .K w, . . (0) = 0 . v J
 12 i3kl 'i3kl
v ;
 13 r 13
v ; 
When X is an eigenvalue of (2.16) one of the roots (2.6) is equal to 
zero and when X increases above this value one y , becomes negati­
ve. When X is an eigenvalue of (2.17) one of the roots (2.6) has to 
be equal to infinity. 
We call eigenvalues of (2.16) critical values for infinite critical 
time and denote them by X . For X< min X each y , > 0 and 
cr cr nK 
and the basic solution of (2.l) is stable. For X = min X we have 
v J pr 
1 p n k >  
min Л c r 
1 
'• u n k < 
0 neutral stability and for X > min X at least one y , < and 
•* cr nk 
the basic solution is unstable with infinite critical time. 
Eigenvalues of (2.17) are critical values of instant instability 
or critical values for finite critical time and we denote them by 




Now we have the following theorem: 
Theorem 1. For X-< min X , which is the minimum eigenvalue of 
(2.16), the basic solution of (2.l) is stable. For X = min X this 
solution is neutral stable and for X > min X the basic solution 
cr 
is unstable with infinite critical time. For X = min X° , which is 
the minimum eigenvalue of (2.17) the basic solution of (2.l) becomes 
instantly unstable. 
In the case of materials of Boltzmann type the corresponding 
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critical values are eigenvalues of the equations 
(2.18) G. .. , (»}w, . .. . (») + AN° .w, . . («) = 0 
and 
(2.19) G. ., . (0)w, . .. .. (0) + AN0 .w, . . (0) = 0 . 
3. Non-linear stability problems of viscoelastic plates 
In the linear theory we assume that perturbations are arbitrarily 
small and in equations we neglect non-linear terms in the perturbation 
quantities as compared to the linear ones. In the case of instability 
with respect to infinitesimal perturbations we arrive at an apparent 
contradiction within the linearized theory, since we assume infinite-
simal perturbations and find out that they grow without bounds. 
Therefore it is necessary to deal with non-linear analysis of stability 
problems. In studying non-linear problems we may find out that the 
magnitude of perturbation instead of growing without limit, tends to 
a finite value as time tends to infinity. 
When dealing with nonlinear stability problems we restrict 
ourselves to an isotropic viscoelastic plate of a standard material. 
Thus we shall consider the generalized Karman equations 
K(l + aD)A2 W = h(l + 3D)(A[F,W] + [f,w]) , 
(3.1) 
(l + 3D)A2 f = - ±-E(l + aD) [w,w] , 
where 
(3.2) [f,w] = f,1lW,22 + f,22W,ii " 2f,i2W,i2 , 
F is the particular solution of the linear equation 
(3.3) A2F = 0 
with boundary conditions corresponding to given boundary loading, 
K is the bending stiffness of the plate, E is Young modulus and 
a,3 coefficients of viscoelastic properties. 
We consider the boundary conditions (l-7 - 10) for w and f 
and initial conditions 
(3.4) w(x,0) =w 0(x) , f(x,0) = 0 . 
Then we can prove the following theorem 
Theorem 2. Critical values with infinite critical time and the 
corresponding stationary solutions are given by the equations 
(3.5) K A2 w - h(A[F,w] + [f,w]) , 
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\2 f = - ~ E[w,w] 
Thus critical values with the infinite critical time of the 
non-linear problem are equal to those critical values of the linearized 
problem. 
This result we can get directly considering the stationary solution 
or in the following way. 
Equations (3.l) can be rewritten in the form: 
K 
t lr. ) 1, 
j Д
2
 w + (l - J ) J / Д
2





= h(x[F,w] + [f,w] - A[F,Wol e
 3
 ) 
£ A- f + (1- i) i / A-f e"
 a l "T dx = - |E([w,w]-[w0,Wo]e"
 a ) 
Multiplyng (3.6) scalarly by w and expressing [w,w] from 
(3.6)y after some transformation we arrive at 
t - ift-x] 
K{|(Дw,Дw) + ( l - f) j(Aw, / Дw e 8 dт)}-hл(ғ,[w,w])+|h{f(дf,Дf) 
t - ì(t-т) 
+ (1 - £ ) - ( Д f , / Af e
 a ' ' d т ) } 
(3.7) , 1 l 
- ^ t - | t - ^-t 
= K ^-(Awo,Aw)e - hx(F,[w 0 ,w]) e h (f , [w0 ,w0] ) e 
As the total energy is finite, for t = «> we get 
(3.8) K(Aw,Aw)- hA(F,[w,w]) + § h(Af,Af) = 0 
As (Af,Af) > 0 , the nonzero solution of (3.8) exists iff A 
is greater the critical values with the infinite critical time of the 
linearized problem, which are critical values of the non-linear problem 
(3.5) , too. 
When there is no perturbation or w
0
 =
 0 t h e n the right hand 
side of (3.7) is equal to zero and for t = 0 one arrive at 
(3.9) Ka(Aw,Aw)- hA3(F,[w,w] + -|jj- h(Af,Af) = 0 
The corresponding differential equations can be obtained from 
(3.6) . We get 
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(3.10) 
KaA2w = f3h(x£F,w] + [f ,w] ) , 
3A2f = - -| Ea[w,w] . 
From (3.9) i t i s obvious t h a t (3.9) and t hus a l s o (3.10) can 
have a non-zero s o l u t i o n i f f 
(3 .1 l ) Ka(Aw,Aw) - h3X(F,[w,w]) < 0 
and we can formulate the following theorem. 
Theorem 3. The critical values for zero critical time, which are 
eigenvalues of (3.10) are critical values for zero critical time of 
the linearized problem. 
The approximate solution of the problem which gives the exact 
values of critical values shows that critical values are bifurcation 
points. The bifurcation is continuous for X = X and discontinuous 
(by a jump) for X > X 
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